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Overview
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» reaction-diffusion (RD):

b=0, c*>c(x)>c.>0, xeX; Ur=0

» convection-diffusion (CD):
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Solution properties

» RD
R (x)] < Me=K2eVmE x e X k=0,1,...

c>m>0

One layer assumed for simplicity.
» CD

|u(k)(x)| <M (1 +5_ke_b*x/6) ., xeX, k=0,1,...



Special meshes
» Bakhvalov mesh B}, ¢ = 1 for CD and ¢ = 2 for RD
Xi=A<,(,>, i=0,1,2,...,N
R V7 _ .
A(t):{z(t)- e/fat/(q —t) fo<t<r

(t) = ()(t—a)+p(a) fT<t<1
T solves (1) =1,7€(0,9),0<g<1l a>0



Special meshes

» Bakhvalov mesh B)Y, ¢ =1 for CD and ¢ = 2 for RD
i ,
x,-:)\<N>, i=01,2,...,N

_ [ p(t) =<V*at/(q - 1) fo<t<r
Me) = { P(t) = () (t—a)+pla) fr<t<l
7 solves (1) =1,7€(0,9),0<g<1,a>0

» Shishkin mesh Sév — piecewise uniform

1/€| N
n ac n
I:h) :0717 7J7 hzizi) >0
X 1 i 7 7 a

. . 1—n
X,':?’/—|—H(I—J), i=J+1,J+2,....N, H=—-



RD - central scheme

> in all discrete problems: Wé\l = U, w,’\\,’ =U

LowV = —eDjwN + cwMN =0, i=1,2,... N—1
N N N_ N
gt = L (bl =l
B hit1 hi
_ hit hina

hi = x; — xi—1, hij
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RD - central scheme

> in all discrete problems: Wé\l = U, w,’\\,’ =U

LowV = —eDjwN + cwMN =0, i=1,2,... N—1

N N NN
DI whN 1 <Wi+1 —wp oW — Wi—1>
oW = -

hi hiy1 hi

_ hi+hig
N 2

hi = x; — xi—1, hij

» This scheme is stable uniformly in ¢, i.e. the matrix A of the
discrete problem satisfies

IAH < M

in the norm induced by the maximum vector norm.



Principle 1

» Varah (1975). Assume A is strictly diagonally dominant by
), a > 0. Then

rows and set a = min; (|a,~;] — D jzilaij
A7 < 1/a.



Principle 1

» Varah (1975). Assume A is strictly diagonally dominant by
rows and set o = min; (|a,~;] — D jzilaij
AL < 1/a.

» L5 is stable uniformly in €.

A = [ajj] is tridiagonal with

), a > 0. Then

€ €
ajj-1= —7 5, 4dii+1 = —
hih;j hiy1h;
ajj = —ajji-1—ajji+1+¢, i=12...,N—-1
Therefore,
laii| — |aii—1| — laiiv1l = ¢, i=1,2,...,N—1,

and a > min{1l, ¢} > 0.



Principle 2

» Ais an L-matrix if a;j > 0 and a;; <0 for i # j. Ais inverse
monotone (i.m.) if A=1 > 0. Ais an M-matrix if it is an i.m.
L-matrix.
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Principle 2

» Ais an L-matrix if a;j > 0 and a;; <0 for i # j. Ais inverse
monotone (i.m.) if A=1 > 0. Ais an M-matrix if it is an i.m.
L-matrix.

» Bohl (1974). Let A be an L-matrix and let there exist a vector
vN such that vV > 0 and (AvV); >3>0,i=0,1,...,N. A
is then an M-matrix and it holds that |A=|| < B~Y||v|].

» For Ly, use vN =eN =1[1,1,...,1]7. B =min{1,c.}.



RD — A hybrid 4th-order scheme

» Herceg (1990) — Hermite scheme generalized on nonuniform

mesh:
Law]N := —eDYw! + D(ew?); = 0
N _ .~ N N +. N
Dw;™ =~ wiZy +7iw;” + 7wy
— _ h—h2  +hihi + _ b —hithihig
Vi = 27 v Vi T T 12hiak
_ h2+h2  +3h;h;
I o o + i+1 i1
Vi=l=n = = 6hihit1



RD — A hybrid 4th-order scheme

» Herceg (1990) — Hermite scheme generalized on nonuniform
mesh:

Law! := —eDJw" + D(cwN); =0

N _ N N +.., N
Dw;" =~ wily +iw" + v wi,
C_ RRthhg g Ry Wb
Vi = 2h T v Vi T T 12hiak
_ h2++h2,  +3h;h;
=1 oyt = D PO
Vi=1l=7 == 6hihit1

» Vulanovi¢ (1993)

N { L4W,-N ifnyO,fyiJrzO,andu;Sl

Taw:" = .
4% [_QWI-N otherwise

oo — [Chivs + hi)lhia — hi| + hihisa]c”
’ 12¢



RD — A hybrid 4th-order scheme

» Herceg (1990) — Hermite scheme generalized on nonuniform
mesh:

Law]N := —eDYw! + D(ew?); = 0

N _ = N N + N
Dw;™ =~ wiZy +7iw;” + 7wy
— _ h—h2  +hihi + W —R+hihin
Vi = 27 v Vi T T 12hiak
_ h2+h2  +3h;h;
I o Y i+1 ifli+1
Vi=l=n = = 6hihit1

» Vulanovi¢ (1993)

N { L4W,-N ifnyO,fyiJrzO,andu;Sl

Taw!' = ;
4% [_2WiN otherwise

V; = [(hi+1 + hi)’hi+1 - h,‘ + hihi+]_]C*
I 12¢

> This scheme is stable uniformly in ¢ by Principle 2.



RD — Another 4th-order scheme

» Vulanovi¢ (1997) — simpler Hermite scheme:

N.= —eDJwN + D(cwMN); =0
Dwl = 57wl | + 2w + 57wl

~— 2hi—hiv1 x4+ _ 2hip1—h;
Vi = 1m0 Vi T T 12R



RD — Another 4th-order scheme

» Vulanovi¢ (1997) — simpler Hermite scheme:

Lywl .= —eDiwN + D(cw"); = 0
AN — 2= N 5. N | x+. N
Dw™ =% wiZy + gwi" + 37 Witq

~— _ 2hi—hiy1 x4+ _ 2hip1—hi
Vi = 1m0 Vi T T 12R

» This scheme is stable uniformly in € by Principle 1:

5 3h; +3h;
laii| — |aii—1| — laiiv1] > <6 — 112h,1+1> ci + O(hi)

\%

1 1
= §C,' +6; > §C* + O(h,‘)



RD — A 6th-order scheme

Vulanovié (2004), S mesh only, ¢ < MN~2

L2W,-N fori=1
T6,2W,-N = LﬁW,-N for2<i<J-2
LowN forJ—1<i<N-1

1
Lew! = —eDyw! + 90 [—(CWN)i—2 + 4(ewM);_q

+ 84(CWN),' + 4(CWN),'+1 — (CWN);+2 =0

Dyw] wll, + 16w, — 30w/ + 16Wily-l - Wil}l&-2)

1
- 12h2(_
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Principle 3

» Tg, is stable by Principle 3.
» Principle 3 (standard decomposition, Lorenz (1977)) gives
conditions for A to be a product of two M-matrices.

» Main condition

ak-1k <0 ax_1k41>0
awe >0 Ak k+1 < 0

Aaprar—1,k+1 < Ak—1,kAk k+1



RD — Another 6th-order scheme

» Vulanovi¢ (2004), SN mesh only, 5¢, > c*

LawN fori=1
L6W,.N for2<i<J-2
Law] forJ—1<i<N-1

N . _
T6,4Wi =



RD — Another 6th-order scheme

» Vulanovi¢ (2004), SN mesh only, 5¢, > c*

LawN fori=1
for2<i<J-2
LawN for J—1<i<N-1

N . _
T6,4Wi =

» Some elements a; j+1 positive.

» Store the terms which cause this in matrix K, |K| < c¢*/6.



RD — Another 6th-order scheme

v

Vulanovié (2004), SY mesh only, 5¢. > c*

LawN fori=1
for2<i<J-2
LawN for J—1<i<N-1

N . _
T6,4Wi =

v

Some elements a; j+1 positive.

v

Store the terms which cause this in matrix K, ||K|| < ¢*/6.
B = A — K satisfies ||B71|| < 6/(5¢.) by Principle 3.

v



RD — Another 6th-order scheme

v

Vulanovié (2004), SY mesh only, 5¢. > c*

LawN fori=1
for2<i<J-2
LawN for J—1<i<N-1

N . _
T6,4Wi =

v

Some elements a; j+1 positive.

v

Store the terms which cause this in matrix K, ||K|| < ¢*/6.
B = A — K satisfies ||B71|| < 6/(5¢.) by Principle 3.
1B71K]| < 1

v

v



Principle 4

» fFA=B+K, ||B7Y < C, |K| < Co CLCo < 1, then

B . G

AN = |I(1 + B1K) 1B < )
AT = [I(1 + ) | < B K] S1-GG



Principle 4

» fFA=B+K, ||B7Y < C, |K| < Co CLCo < 1, then

B . G

AN = |I(1 + B1K) 1B < )
AT = [I(1 + ) | < 1= [B K] 1= GG

» Te 4 is stable by Principle 4, Vulanovi¢ (2004).
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CD - Overview

» SDD (Principle 1) not used because ¢ % 0.

» M-matrices (Principle 2) used for the upwind (1st-order)
scheme and hybrid upwind (2nd-order) scheme.

» Lorenz Principle 3 used for a new 3rd-order scheme.

» Principle 4 used for a two-parameter problem and a 3rd-order
scheme.



CD - Upwind & central schemes

» Upwind — stable by Principle 2

Wl
Aw! = —eDjw! — b —+ Ltgwh =0
hi1



CD - Upwind & central schemes

» Upwind — stable by Principle 2

Wy — wh
AMw! = —eDiw! — b~ L qw]N =0
hiy1
» Central — not stable
N N
W,-+1 — W-:

/\QWI'N = —EDé/WI‘N - b(X,)m

-1
L rawlt =0



CD — A hybrid 2nd-order scheme

b* h;
> p, = 28’
N .
! A1 W,-N otherwise
N N
. Wi, — Wi
N . "N i+1 i
Mw;" = —eDow; — biy1p2 it
1
N N
wit + w;
i i+1
—|—c(x,-+1/2)7 =0

2



CD — A hybrid 2nd-order scheme

b* h;
> p, = 28’
N .
P2W-N _ /N\QWI- if p; <1
! /\1W,N otherwise
N N
~ Wil — wi
N . n. N i+1 i
Mw; = —eDyw; = bitq0 hit
1
N N
w4+ w;
i i+1
+C(Xi+1/2)7 =0

2

» Stable by Principle 2.



CD - A new 3rd-order scheme

» on SN only; x=horx=H

1
DR wN = ?[(1—5)W,-'\i L+ (Bs=2)wN +(1-3s)w , + 5wV,

1
D>(<2WiN - a[(—352 + 65— 2)w/l; +3(3s% — 4s — L)w;"
—|—3(—3S2 + 2s + 2)W,'I_Y_1 + (352 - 1)Wllyi-2]

DLW = [s(s — Dwly +2(1 — 2w + s(s + 1)wf4]/2



CD - A new 3rd-order scheme

» on SN only; x=horx=H

1
DR wN = ?[(1—5)W,-'\i L+ (Bs=2)wN +(1-3s)w , + 5wV,

1
D>(<2WiN - a[(—352 + 65— 2)w/l; +3(3s% — 4s — L)w;"
+3(—3S2 + 25+ 2)W,'I_Y_1 + (352 - 1)Wllyi-2]

DLW = [s(s — Dwly +2(1 — 2w + s(s + 1)wf4]/2

> Ay swi = —eDEWN — b(xi ) DSw + c(xiy) DIl = 0



CD - A new 3rd-order scheme

» on SN only; x=horx=H

1
DR wN = ?[(1—5)W,-'\i L+ (Bs=2)wN +(1-3s)w , + 5wV,

1

pMwN = a[(—3s2 + 65— 2)wM, +3(3s2 — 4s — 1w
+3(-3s% + 25 + 2)wfl; + (35 — L)w/Y,]

DLW = [s(s — wly +2(1 — 2wl + s(s + 1)wl,]/2

> Ay swi= —5D>(33W,-N — b(x,-+s)D>(<3W + C(X,+5)D>((?3WiN =0

»s=0:=383-V15)/6ors=0:=1/V3



(cont'd)

» Hybrid scheme

forl1<i<J-2
AwN  fori=J—1,J
Apow]N  for J+1<i<N-2
AqwhN fori=N-1

N _



(cont'd)

» Hybrid scheme

ApowlN  for1<i<J-—2
AwN  fori=J—1,J
/\H,(;W,-N forJ+1<i<N-2
7\1WN fori=N-1

1

N _

» Stable by Principle 3 if ¢* < M*/N.
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> = eP, p>%, c*>c(x)>e >0, xeX

—eu” — ub(x)u’' + ¢(x)u =0, w(0)= Uy, u(l)=0

» Solution behaves like in RD; SY used.
» Hybrid 3rd-order scheme, Vulanovi¢ (2001)
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Two-parameter problem

> = eP, p>%, c*>c(x)>e >0, xeX

—eu” — ub(x)u’' + ¢(x)u =0, w(0)= Uy, u(l)=0

v

Solution behaves like in RD; SY used.
Hybrid 3rd-order scheme, Vulanovi¢ (2001)

v

PawlN = ApowN  for1<i<J-2
3Wi /\2W,'N fori=J-1,J,....N—1

v

Stable by Principle 4 if (¢*)P < My/N.
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