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C*-algebras and C*-modules

Definition
A C*-algebra is a Banach x-algebra A such that ||a*a| = ||a||?,Va € A.
A right A-module X is a semi-inner product A-module if there is an
A-semi-inner product (-,-) : X x X — A, i.e. the mapping satisfying

Q (x,x)>0;

Q (x, Ay +2) = Ax,y) +(x,2);

Q (x,ya) = (x,y)a;

Q (x,y)" = (y,x).
forall x,y,ze X, A€ C,a € A

v

Let X be a semi-inner product A-module. We define a semi-norm on X" by
1
Xl =l x) 2, xe &

where the latter norm denotes that in the C*-algebra A.
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C*-algebras and C*-modules

Examples of C*-algebras:
©Q C([0,1]) ={f :[0,1] — C : f is continuous} with
IIf]] = max{|f(t)| : t € [0,1]}.
@ B(H) with the operator norm and the usual adjoint.

© In particular, if H is n-dimensional, then M,(C) = B(H) is a
C*-algebra.

© Every closed *-subalgebra of B(H) is a C*-algebra.

Examples of semi-inner product modules:

© Every semi-inner product space is a semi-inner product C-module.

@ Each C*-algebra A can be regarded as a semi inner product
A-module via (a,b) = a*b (a, b € A).

© For every pair of Hilbert spaces H; and H,, the space B(Hy, Hy) of all

bounded linear operators from H; to Ha is a Hilbert B(H;)-module
with the inner product (T,S) = T*S.
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The Gram matrix

Definition
Let (X, (-,-)) be a semi-inner product .A-module and n € N. The Gram
matrix of elements xi,...,x, € X is defined as the matrix

[(xi x)] € My (A).

@ For every xi,...,x, € X it holds [(xj,x;)] > 0 in M,(A).
@ The Cauchy-Schwarz inequality for x,y € X

o b T

2
)y, x) < lyllI {x, x) & [ xon* Iy, y)lle

Positivity of the Gram matrix sharpens the Cauchy-Schwarz
inequality, since
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The Gram matrix

Let (X, (-,-)) be a semi-inner product .A-module. For z € X', (z,z) # 0,
we define

()2t XXX = A (xy)z = 2] (xy) = (x,2)(z,y).

Observe that (x, x), = ||z||? (x,x) — (x,z){z,x) > 0. Then (-,-), is
another semi-inner product on X and therefore [(x;, x;);] > 0, that is,

1 1
[<XI7XJ'>] > HZ||2 [<X,',Z> <Z’XJ>] = [<X,',Z> <H2’2e> <Z7XJ>]

Replacing (-, -) with (-,-), in the last inequality we get

[6)] = [0502) (ze+ 6) (2ox)]

where b := HZH2-||||zH2(i,z)—(z,z)2||(HZ||2e —(z,2))? € A*. We proceed by

induction.
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The Gram matrix

Theorem
Let (X,(-,-)) be a semi-inner product A-module, n € N and
Xi,...,xn € X. Let z € X, (z,z) # 0. Then there is a non-decreasing

sequence (pm({z, 2)))m € AT such that

[ix)] = =[x 2) pm((2, 2)) (2, )] = [(5, 2) Pm-1((2, 2)) (2, ))]

o 2 [ 2) otz 2)) 2 x)] = H21H2[<x,—,z> (2,5)] > 0.

Vv

v

Theorem

Let (X,(-,-)) be a semi-inner product A-module, n € N and

X1, Xn €EX. Letz € X, (z,2) #0. If b€ AT is such that ||zb2| < 1,
then

[(xio2) ] > [ 2) b (2, %) ].

It holds that ||zpm(<z,z))%\| =1, meN.
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Some properties of the sequence (pm(a))m-

Let A be a unital C*-algebra. For a positive element a € A, a # 0, define

fo(a) = a, go(a) = [Ifo(a)lle — fo(a),
fm(a) = fm-1(a)gm-1(a), gm(a) = [[fm(a)lle — fm(a), meN.

For m such that f,(a) # 0 we define

Po(a) = TR o

e
Pi(a) = Hoa)ll+|Iﬂ)(a)\lllf1(a)H’ I

e 8gi(a
P2(3) = 6T T REAET T e ARG TEET

2
Pm(a) = im0 1<mﬂk 08k(a) )
If fm(a) # 0 and fp+1(a) = 0 then we define

pi(a) = pm(a), Vj>m.
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Some properties of the sequence (pm(a))m-

Suppose A C B(H).

o fm(a), m € N are polynomials in a:

fo(A) =
h(A) = HaH/\ 22,
fm(A) = |[fm-1(a )Hfmfl()‘) - mfl()‘)za m € N.
Observe that deg f,, = 2™ for all m.
@ fm(a) >0 for all me N.
o [[fmi1(a)ll < zlfm(a)l>.

@ Suppose that there is m € N such that f,(a) = 0. Let A € o(a).
Then

fm(A) € fm(0(a)) = o(fm(a)) = {0}

This shows that o(a) is contained in a finite set, namely in the set of
all zeros of the polynomial f,.
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Some properties of the sequence (pm(a))m-

@ Suppose o(a) is a finite set. Let o(a) \ {0} = {A1, A2,... A} where
A1 > A2 > ... > A > 0. By the spectral theory there exist
orthogonal projections Py, P2, ... Py € B(H) which are mutually
orthogonal and such that a = Zf( 1 AiPi.

_a_Z)\P,, Ifo(a)] = A1

fi(a) = Mfo(a) — fo(a)? = Zml

This shows that f1(a) has at most k — 17 non zero elements in its
spectrum. Suppose that A2(A1 — A2) > A\j(A1 — Aj) forall i =2,... k.
Then [|(a)]] = A2(A1 — A2) and
k
fr(a) = (A= A)(A2 = M)A — A2 = A)AiPi.
i=3
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Some properties of the sequence (pm(a))m-

Let a be a positive element of a C*-algebra A C B(H). Then there
exists m € N such that f,(a) = 0 if and only if a has a finite
spectrum.

If such m exists, then m < card o(a).

If A is finite-dimensional, then o(a) is finite.

Suppose that A = C, i.e. that X is a semi-inner product space. Then
for each z € X the spectrum o((z, z)) is a singleton, so
fi({(z,z)) = 0. Hence, in this situation, we have only one inequality:

[65.9)) = [0 2) (2] 20
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Some properties of the sequence (pm(a))m-

Example
Let a = diag(5,4,2,1). Here we have
fo(a) = diag(5,4,2,1), [Ifo(a)ll =5, po(a) = diag(s, 5, 2. 3);
fl(a) = diag(0747674)’ Hfl(a)H =6, (a) - d'ag(% %7 %7 %)7
fo(a) = diag(0,8,0,8), [h(a)ll =8, pa(a) = diag(s, ,3,1),
f3(a) =0 = pk(a) = p2(a), k >3.
Observe that
pa(a) =a L.
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Some properties of the sequence (pm(a))m-

Theorem

Let A C B(H) be a C*-algebra and a € A*,a # 0 such that o(a) is finite.

Let M be the number with the property fyy(a) # 0 and fy1(a) = 0.
Then:

e apy(a) is the orthogonal projection to the image of a.

e In particular, if a is an invertible operator, then ppy(a) = a—*.

Sketch of the proof.
@ For every \ € g(a) there is m < M such that f,(\) = ||fm(a)]|-
o If frm(Am) = [[fm(a)ll then pj(Am) = 5= for all j > m.

_ [ 1, Xeo(a)\ {0},
° Apm(A) = { 0, Xeo(a)n{0}.
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Some properties of the sequence (pm(a))m-

Theorem

Let a be a positive element in a C*-algebra A C B(H) with an infinite
spectrum. Then

lim a’pm(a) = a.
m—>00

In particular, if a is an invertible operator, lim oo pm(a) = a~L.

Remark

From lim, o0 a°pm(a) = a one easily gets limy_ o0 apm(a) = p in the
strong operator topology.
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Some properties of the sequence (pm(a))m-

Example

@ Suppose that a is a positive compact operator with an infinite
spectrum. Then apn,(a) is compact operator for every m.

o If the sequence (apm(a)) converges in norm, then the limit has to be
a compact operator.

@ Let p be the orthogonal projection to Im a. Since o(a) is an infinite
set, Im a is an infinite dimensional subspace and hence p is a
non-compact operator.

@ Therefore, the sequence (apm(a)) does not converge to p in norm.

Proposition

Let a € B(H) be a positive operator and p € B(H) the orthogonal
projection to Ima. Then (apm(a))m converges to p in norm if and only if
Ima is a closed subspace of H.
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Some properties of the sequence (pm(a))m-

At the end, let us turn back to the Gram matrix.
Proposition

Let X be a semi-inner product module over a C*-algebra A C B(H). For

ze X and a= (z,z) € A, let p € B(H) denotes the orthogonal projection
to Ima. Suppose that there exists a positive operator h € B(H) such that

for all x1,...,x, € X and every m > 0 it holds

[(xis )] = [(xi5 2) b (z,7)] = [(xi, 2) pm(a) (2, %))]-

Then aha = a and ah = p.

If o(a) is finite and M € N such that apy(a) = p, then h and py(a)
coincide on Ima.
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