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Filipiak, Markiewicz, Różański (Poland) On maximization... 26.05.2010 2 / 45



Notation

C ∈ M
≥
v

C = bIv −
1
b

STS, b ∈ N

S = (sij)1≤i,j≤v

sij - nonnegative integer, sii = 0
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Problems

0 = λ0(C) ≤ λ1(C) ≤ ·· · ≤ λv−1(C)

E-optimality

MAXIMIZATION OF λ1(C)
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Special classes for b = v−2 and b = v

Pv - the class of derangement matrices of order v

b = v−2

B̃ = {P : S = 1v1T
v − Iv −P, P ∈ Pv}
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Special classes

S ∈ B̃

C =
v2−4v+2

v−2
Iv −

1
v−2

(P+PT)− v−4
v−2

1T
v 1v
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Filipiak, Markiewicz, Różański (Poland) On maximization... 26.05.2010 8 / 45



Special classes

S ∈ B̃

C =
v2−4v+2

v−2
Iv −

1
v−2

(P+PT)

S ∈ B̂

C =
v2−2

v
Iv +

1
v
(P+PT)
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Two cases

B̃:

W = (v−2)C = αIv − (P+PT)

B̂:

V = vC = αIv +(P+PT)

α > 2
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Permutation matrices

Hv =




0 0 0 . . . 0 0 1
1 0 0 . . . 0 0 0
0 1 0 . . . 0 0 0
...

...
... . . . ...

...
...

0 0 0 . . . 0 0 0
0 0 0 . . . 1 0 0
0 0 0 . . . 0 1 0
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Filipiak, Markiewicz, Różański (Poland) On maximization... 26.05.2010 11 / 45



Permutation matrices

Hv =




0 0 0 . . . 0 0 1
1 0 0 . . . 0 0 0
0 1 0 . . . 0 0 0
...

...
... . . . ...

...
...

0 0 0 . . . 0 0 0
0 0 0 . . . 1 0 0
0 0 0 . . . 0 1 0




P = Hv – irreducible matrix

P = diag(Hv1 : Hv2), P = diag(Hv1 : Hv2 : Hv3),
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E-optimality

W =




α −1 0 0 0 0 −1
−1 α −1 0 0 0 0
0 −1 α −1 0 0 0
0 0 −1 α −1 0 0
0 0 0 −1 α −1 0
0 0 0 0 −1 α −1
−1 0 0 0 0 −1 α
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B̃ : W = αIv− (P+PT)

µk(Hv +HT
v ) = 2cos

2kπ
v

, k = 0,1,2, . . . ,v−1
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E-optimality over B̃

Theorem 1

Let Pv be the set of permutation, derangement matrices
of order v. The matrix P ∈ Pv that maximizes λ1(W)
over all matrices of the form W = αIv − (P+PT),
α > 2, is permutationally similar to the matrix Hv.
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E-optimality

V =




α 1 0 0 0 0 1
1 α 1 0 0 0 0
0 1 α 1 0 0 0
0 0 1 α 1 0 0
0 0 0 1 α 1 0
0 0 0 0 1 α 1
1 0 0 0 0 1 α
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E-optimality over B̂

Theorem 2

Let Pv be the set of permutation, derangement
matrices of order v. The matrix P ∈ Pv that maximizes
λ1(V) over all matrices of the form V = αIv +(P+PT),
α > 2, is permutationally similar to the matrix

(i) Hv if v = 2, 7;

(ii) I2⊗H2 or H4 if v = 4;

(iii) Im ⊗H3 if v = 3m, m ∈ N;

(iv) diag(Ii ⊗H3,Ij ⊗H5) if v = 5 or v ≥ 8 and
v 6= 3m, m ∈ N, with v = 3i+5j for some
i ∈ N∪{0}, j ∈ N.
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D-optimality

W =




α −1 0 0 0 0 −1
−1 α −1 0 0 0 0
0 −1 α −1 0 0 0
0 0 −1 α −1 0 0
0 0 0 −1 α −1 0
0 0 0 0 −1 α −1
−1 0 0 0 0 −1 α
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D-optimality

W =




α −1 0 0 0 0 −1
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0 −1 α −1 0 0 0
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0 0 0 −1 α −1 0
0 0 0 0 −1 α −1
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detW

detW = detW1 ·detW2
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W = αIv− (P+PT)

Determinant of tridiagonal matrix with corners
(Molinari, 2008):

det
(
αIv − (Hv +HT

v )
)

= −2+ tr

[(
α −1
1 0

)v]
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[(
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√
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2 , x ∈ (0, 1

2)

y = λ1

[(
α −1
1 0

)]
= α+

√
α2−4
2 = 1

x , y ∈ (α − 1
2,α)

−2+ xv + yv ≥ (−2+ xv1 + yv1)(−2+ xv2 + yv2)
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D-optimality over B̃

Theorem 3

Let Pv be the set of permutation, derangement
matrices of order v. The matrix P ∈ Pv that maximizes
detW over all matrices of the form W = αIv − (P+PT),
α > 2, is permutationally similar to the matrix Hv.
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V = αIv +(P+PT)

Determinant of tridiagonal matrix with corners
(Molinari, 2008):

det
(
αIv +(Hv +HT

v )
)

= 2 · (−1)v+1 + tr

[(
α −1
1 0

)v]
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V = αIv +(P+PT)

det
(
αIv +(Hv +HT

v )
)

=

{
−2+ xv + yv, v even

2+ xv + yv, v odd
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V = αIv +(P+PT)

det
(
αIv +(Hv +HT

v )
)

=

{
−2+ xv + yv, v even

2+ xv + yv, v odd

P = diag(Hv1 : Hv2), vi – odd:

−2+ xv + yv ≤ (2+ xv1 + yv1)(2+ xv2 + yv2)

Filipiak, Markiewicz, Różański (Poland) On maximization... 26.05.2010 22 / 45



V = αIv +(P+PT)

det
(
αIv +(Hv +HT

v )
)

=

{
−2+ xv + yv, v even

2+ xv + yv, v odd

P = diag(Hv1 : Hv2), vi – odd:

−2+ xv + yv ≤ (2+ xv1 + yv1)(2+ xv2 + yv2)

P = diag(Hv1 : Hv2), v1 – odd, v2 – even:

2+ xv + yv ≤ (2+ xv1 + yv1)(−2+ xv2 + yv2)
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D-optimality over B̂

Theorem 4

Let Pv be the set of permutation, derangement
matrices of order v. The matrix P ∈ Pv that maximizes
detV over all matrices of the form V = αIv +(P+PT),
α > 2, is permutationally similar to the matrix

(i) Im ⊗H3 if v = 3m, m ∈ N;

(ii) diag(Im⊗H3,H4) if v = 3m+4, m ∈ N∪{0};
(iii) diag(Im⊗H3,H5) if v = 3m+5, m ∈ N∪{0}.

Filipiak, Markiewicz, Różański (Poland) On maximization... 26.05.2010 23 / 45



Experiment

v - number of treatments
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Experiment

v - number of treatments

bk - number of units

b - number of blocks

k - number of units in each block (block size)

Dv,b,k - the class of block designs
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Interference model

Interference model

y = Tdτ +Ldλ +Bβ + ε
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y - vector of observations

τ - vector of treatment effects

λ - vector of left neighbor effects

β - vector of block effects

ε - vector of random errors, ε ∼ N
(
0,σ2Ibk
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y - vector of observations

τ - vector of treatment effects

λ - vector of left neighbor effects

β - vector of block effects

ε - vector of random errors, ε ∼ N
(
0,σ2Ibk

)

Td - the design matrix of treatment effects
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Interference model

Interference model

y = Tdτ +Ldλ +Bβ + ε

y - vector of observations

τ - vector of treatment effects

λ - vector of left neighbor effects

β - vector of block effects

ε - vector of random errors, ε ∼ N
(
0,σ2Ibk

)

Td - the design matrix of treatment effects

Ld - the design matrix of left neighbor effects

B = Ib ⊗1k - the design matrix of block effects
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Interference model

Interference model

y = Tdτ +Ldλ +Bβ + ε

Ld = (Ib⊗Hk)Td

Filipiak, Markiewicz, Różański (Poland) On maximization... 26.05.2010 26 / 45



Interference model

Interference model

y = Tdτ +Ldλ +Bβ + ε

Ld = (Ib⊗Hk)Td

Hk =

(
0′k−1 1
Ik−1 0k−1

)
=




0 0 · · · 0 1
1 0 · · · 0 0
0 1 · · · 0 0
...

... . . . ...
...

0 0 · · · 1 0
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Interference model

Interference model

y = Tdτ +Ldλ +Bβ + ε

Ld = (Ib⊗Hk)Td

Hk =

(
0′k−1 1
Ik−1 0k−1

)
=




0 0 · · · 0 1
1 0 · · · 0 0
0 1 · · · 0 0
...

... . . . ...
...

0 0 · · · 1 0




Hk - the circular incidence matrix
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Information matrix for the estimation of

treatment effects

Ud =




TT
d Td TT

d Ld TT
d B

LT
d Td LT

d Ld LT
d B

BTTd BTLd BTB
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Sd Rd Nd
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d K
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Information matrix for the estimation of

treatment effects

Ud =




TT
d Td TT

d Ld TT
d B

LT
d Td LT

d Ld LT
d B

BTTd BTLd BTB


 =




Rd ST
d Nd

Sd Rd Nd

NT
d NT

d K




Rd = diag(r1, ...,rv), K = kIb
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Information matrix for the estimation of

treatment effects

Ud =
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d Td TT

d Ld TT
d B

LT
d Td LT

d Ld LT
d B

BTTd BTLd BTB


 =




Rd ST
d Nd

Sd Rd Nd

NT
d NT

d K




Rd = diag(r1, ...,rv), K = kIb

Cd =

[
Ud/

(
Rd Nd

NT
d K

)]
= Rd −ST

d RdSd−

−(Nd −ST
d R−1

d Nd)(K−NT
d R−1

d Nd)
−(Nd −ST

d R−1
d Nd)

T
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Example - Complete binary design

v = k = 4, b = 2

d =

(
A B C D
A C B D

)
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Filipiak, Markiewicz, Różański (Poland) On maximization... 26.05.2010 32 / 45



Example - Complete binary design

v = k = 4, b = 2

d =

(
A B C D
A C B D

)

Nd = TT
d B = 1v1T

b

Sd = TT
d Ld =







0 1 1 0
0 0 1 1
0 1 0 1
2 0 0 0
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Design - general case

Nd1b =




r1
...
rv


 , NT

d 1v = v1b
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Design - general case

Nd1b =




r1
...
rv


 , NT

d 1v = v1b

Sd1v = ST
d 1v =




r1
...
rv


 , sii 6= 0
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Design - general case

Nd1b =




r1
...
rv


 , NT

d 1v = v1b

Sd1v = ST
d 1v =




r1
...
rv


 , sii 6= 0

v

∑
i=1

b

∑
j=1

nij =
v

∑
i=1

v

∑
j=1

sij = bv
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Cd of complete binary design

Cd =

[
Ud/

(
Rd Nd

NT
d K

)]
= Rd −ST

d RdSd−

−(Nd −ST
d R−1

d Nd)(K−NT
d R−1

d Nd)
−(Nd −ST

d R−1
d Nd)

T
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Cd of complete binary design

Cd =

[
Ud/

(
Rd Nd

NT
d K

)]
= Rd −ST

d RdSd−

−(Nd −ST
d R−1

d Nd)(K−NT
d R−1

d Nd)
−(Nd −ST

d R−1
d Nd)

T

Binary design with v = k : Rd = bIv
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Cd of complete binary design

Cd =

[
Ud/

(
Rd Nd

NT
d K

)]
= Rd −ST

d RdSd−

−(Nd −ST
d R−1

d Nd)(K−NT
d R−1

d Nd)
−(Nd −ST

d R−1
d Nd)

T

Binary design with v = k : Rd = bIv

Cd = bIv −b−1ST
d Sd
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E, D-optimality over D v,v−2,v

Theorem
If there exists design d∗ with the left-neighboring matrix
Sd∗ = 1v1T

v − Iv −Pd∗, such that Pd∗ is permutationally
similar to the matrix given in Theorem 1, then d∗ is
E-optimal over the class Dv,v−2,v.
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Filipiak, Markiewicz, Różański (Poland) On maximization... 26.05.2010 43 / 45



E, D-optimality over D v,v,v

Theorem
If there exists design d∗ with the left-neighboring matrix
Sd∗ = 1v1T

v − Iv −Pd∗, such that Pd∗ is permutationally
similar to the matrix given in Theorem 2, then d∗ is
E-optimal over the class Dv,v,v.
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E, D-optimality over D v,v,v

Theorem
If there exists design d∗ with the left-neighboring matrix
Sd∗ = 1v1T

v − Iv −Pd∗, such that Pd∗ is permutationally
similar to the matrix given in Theorem 2, then d∗ is
E-optimal over the class Dv,v,v.

Theorem
If there exists design d∗ with the left-neighboring matrix
Sd∗ = 1v1T

v − Iv +Pd∗, such that Pd∗ is permutationally
similar to the matrix given in Theorem 4, then d∗ is
D-optimal over the class of all equireplicated desings.
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