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% W=al,—

p(Hy+H]) = 200520
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2Kt

(W) =a — 2003@,

P= dlag(HVl . HVZ).
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E-optimality over %

Theorem 1

Let P, be the set of permutation, derangement matrices
of order V. The matrix P € &, that maximizes A1 (W)
over all matrices of the form W = al, — (P+PT),

a > 2, is permutationally similar to the matrix Hy.
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E-optimality over %

Let P, be the set of permutation, derangement
matrices of order V. The matrix P € &2, that maximizes
A1(V) over all matrices of the form V = aly+ (P+PT),
a > 2, is permutationally similar to the matrix
(i) Hy if v=2,7,
(ii) lo®@H> or Hy if v=4;
(iii) Im®H3z if v=3m meN;
(iv) diag(li®H3z,lj®Hs) if v=5 or v>8 and
v#3m meN, with v=3i+5j for some
ie NU{O}, jeN.
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D-optimality

a -1 0 0 O 0 -1
-1 a -1 0 0 0 O
0O -1 o -1 0 O 0
w=| 0 0 1 a -1 0 0 detW
0 0 0 -1 o -1 O
0O 0 0 0 -1 a -1
-7 0 0 O O -1 «
a -1 -1{ 0 O 0
-1 a -1 O 0O O 0
0O -1 o -1 0 O 0
W=|] -1 0 -1 a0 0 ©0 detW = detW; - detW»,
0 0 O O0|a -1 -1
0 0 O 0|-1 o -1
0 0 0O O0|-1 -1 o«

Filipiak, Markiewicz, Rézariski (Poland) On maximization... 26.05.2010 18 / 45



W =al,— (P+P")

Determinant of tridiagonal matrix with corners

(Molinari, 2008):
det (aly— (Hy+Hy)) = —2+tr

($0)]
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D-optimality over PB

Theorem 3

Let P, be the set of permutation, derangement
matrices of order V. The matrix P € 2, that maximizes
detW over all matrices of the form W = al, — (P+PT),
a > 2, is permutationally similar to the matrix Hy.
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V=al,+ (P+P")

Determinant of tridiagonal matrix with corners

(Molinari, 2008):
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det (aly+ (Hy+Hy)) =2 (=1 4 tr <1 0 )]
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V=al,+ (P+P")

o v v
det(alv+(HV+HJ)) :{ 2+X'+Yy', Veven

2+xV+yY,  vodd
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V=al,+ (P+P")

—2+x'+yY,  Veven

det(alv+(Hv+H\T)):{ 24Xy V odd

P = dlag(HV]_ HVZ)’ V| - Odd

2+ Xy < (24X Y1) (24 X2+ y2)
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2+ Xy < (24X Y1) (24 X2+ y2)
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D-optimality over 7

Let P, be the set of permutation, derangement
matrices of order V. The matrix P € 2, that maximizes
detV over all matrices of the form V = aly,+ (P+PT),
a > 2, is permutationally similar to the matrix

(i) Im®H3 if v=3m meN;
(i) diag(lm®Hs,Hg) if v=3m+4, me NU{0};
(i) diag(lm®Hs,Hs) if v=3m+5, me NU{0}.
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@ V- number of treatments
@ bk - number of units
@ b - number of blocks

@ k- number of units in each block (block size)

®  Dypk - the class of block designs
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Interference model

Interference model
y=TyqT+LgA +BB+¢€
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@ Y - vector of observations

@ T - vector of treatment effects

@ A - vector of left neighbor effects

@ [ - vector of block effects

@ & - vector of random errors, € ~ N (O, Gzlbk)
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Interference model

Interference model

y=TyqT+LgA +BB+¢€

y - vector of observations

T - vector of treatment effects

A - vector of left neighbor effects

[ - vector of block effects

€ - vector of random errors, € ~ N (O, Uzlbk)

°
°
°
°
°
@ Ty - the design matrix of treatment effects
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@ T - vector of treatment effects

@ A - vector of left neighbor effects

@ [ - vector of block effects

@ & - vector of random errors, € ~ N (O, Gzlbk)
@ Ty - the design matrix of treatment effects

@ L g - the design matrix of left neighbor effects
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Interference model

Interference model

y=TyqT+LgA +BB+¢€

@ Y - vector of observations

@ T - vector of treatment effects

@ A - vector of left neighbor effects
@ [ - vector of block effects

@ & - vector of random errors, € ~ N (O, Gzlbk)

@ Ty - the design matrix of treatment effects

@ L g - the design matrix of left neighbor effects
o B =Ip® 1k - the design matrix of block effects
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Interference model

Interference model

La= (lhb®@Hk)Tqg

or o
= OO
- O OO
o Oor
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Interference model

Interference model

La= (lhb®@Hk)Tqg

00 ---01

10 --00

He=( %1 T Y_|lo1 .00
Ik_l Ok_l -
00 - 10

H - the circular incidence matrix
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Information matrix for the estimation of

treatment effects

TiTa|TiLa TiB
Ug= | LiTa|LiLa LB
B'Tq|B'Ly BB
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Ug= | LiTa|LiLa LB
B'Tq|B'Ly BB
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TiTa|TiLa TiB

Ra| S Ng
Ug= | LiTa|Lila LiB | =| Su|Ra Ng
B'Tq|B'Ly BB Ni|IN§ K

Rq = diag(ry,...,rv), K =kl
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Information matrix for the estimation of

treatment effects

TiTa|TiLa TiB Ra|Si Ng
Ug= | LiTa|Lila LiB | =| Su|Ra Ng
B'Tq|B'Ly BB Ni|IN§ K

Rq = diag(ry,...,rv), K =kl

Ca= [Ud/( Rd I\&d )] = Ry — SjR¢Su—

—(Ng— S{Ry*Ng) (K = NJR;*Ng)~(Ng — S{RgNg) T
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Example - Complete binary design

v=k=4, b=2
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Example - Complete binary design

v=k=4, b=2
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Example - Complete binary design

v=k=4, b=2

N O OO
OPRr OoOPRr
OO Pr Pk
oOPr O
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Design - general case

I
Nglp= | : |, NJ 1y = vy

v

Filipiak, Markiewicz, Rézariski (Poland) aximiz 26.05.2010 41 / 45



Design - general case

I
Nglp= | : |, NJ 1y = vy
v
r
Slv=Sv=|( : |, si#0
v

Filipiak, Markiewicz, Rézariski (Poland) aximiz 26.05.2010 41 / 45



Design - general case

I
Nglp= | : |, NJ 1y = vy
v
r
Slv=Sv=|( : |, si#0
v

Filipiak, Markiewicz, Rézariski (Poland) aximiz 26.05.2010 41 / 45



Cqg of complete binary design

Ca= [Ud/( Rd l\lld )] = Rq— S4RaSu—

—(Ng— S§R4*Ng) (K — NjRy*Ng)~ (Ng — S§R4 *Ng)"
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Binary design with v=K: Rq=Dbly
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Cqg of complete binary design

Ca= [Ud/( Rd l\lld )] = Rq— S4RaSu—

—(Ng— S§R4*Ng) (K — NjRy*Ng)~ (Ng — S§R4 *Ng)"

Binary design with v=K: Rq=Dbly

Cq=bly—b1s]S J
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E, D-optimality over Zyy_2y

Theorem

If there exists design d* with the left-neighboring matrix
Sy = 1\,13 — |y — Pg+, such that Pgy- is permutationally
similar to the matrix given in Theorem 1, then d* is
E-optimal over the class Zyy_2y.
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Theorem

If there exists design d* with the left-neighboring matrix
S¢- = 1,1) — Iy + Pg:, such that Py is permutationally
similar to the matrix given in Theorem 3, then d* is
D-optimal over the class Dyy_2y.
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E, D-optimality over 9y

Theorem

If there exists design d* with the left-neighboring matrix
Sy = 1\,1\1,_ — |y — Pg+, such that Pgy- is permutationally
similar to the matrix given in Theorem 2, then d* is
E-optimal over the class Yy .v.
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E, D-optimality over 9y

If there exists design d* with the left-neighboring matrix
S¢- = 1,1) — Iy — Pg-, such that Pg- is permutationally
similar to the matrix given in Theorem 2, then d* is
E-optimal over the class Yy .v.

If there exists design d* with the left-neighboring matrix
Sy = 1\,1\1,_ — Iy + Pg+, such that Py« is permutationally
similar to the matrix given in Theorem 4, then d* is
D-optimal over the class of all equireplicated desings.
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